Abstract. Robert Boltje gives the notion of canonical extension and he has asked a question in his thesis regarding canonical extension (cf. [6] , pp.62). The question is: what will be the canonical extension of a weakly(resp.strongly) abelian invariant? Main difficulty of this problem is that the computation of aG(Ind G H ϕ). In this paper we give the explicit formula for aG(Ind G H ϕ) for abelian group and nonabelian nilpotent group of order p 3 for some prime p and by using this formula we show that: the canonical extension of a weak(resp. strong) abelian invariant is a weakly(resp. strongly) extendible function which implies the existence of nonabelian local constant because abelian local constants are weakly extendible function.
Introduction
Tate, in his thesis( [3] ) and [4] , for one dimensional representation he has proved the existence of the local constant. In [1] , Dwork also proved the existence of the local constant up to sign. Also Langlands in 1970 proved the existence of local constant by using local method which was long and complicated(see [7] ). By using global method Deligne later discovered the easier proof (see [5] ). In this article we prove the existence of nonabelian local constant independently by using the notion of canonical extension and canonical Brauer induction theorem which is due to Boltje. Let G be a finite group and H subgroup of G and ϕ be the linear character of H. In [6] , Boltje has given the notion of canonical Brauer induction theorem and the concept of canonical extension. Also he has defined the abelian invariant which is an extendible function. Boltje also has shown that canonical extension of an abelian invariant is an extendible function. To answer Boltje's question one has to have explicit formula of a G (Ind the canonical extension of the abelian local root number is a weak extension. This is the main aim of this article.
Firstly we show that canonical extension of weak abelian invariant for abelian group and nonabelian group of order p 3 is weak extension. Then by Theorem 3.1 we show same result for nonabelian solvable groups which are split extension of abelian group and nilpotent group of order p 3 or any successive extension of abelian group. Boltje did not introduce λ-function in his thesis. In appendix We restate Boltje's proposition through λ-function. From this proposition we get the idea of this article.
Notation and Preliminaries
2.1. Extendible function. Let G be any finite group. We denote R ′ (G) the set of all pairs (H, ρ), where H is a subgroup of G and ρ is a virtual representation of H. The group G acts on R ′ (G) by means of (H, ρ) g = (H g , ρ g ), g ∈ G, ρ g (x) = ρ(gxg −1 ), x ∈ H g := g −1 Hg and denote by H the set of all one dimensional representations of H and by R 1 (G) the subset of R ′ (G) of pairs (H, χ) with χ ∈ H. Here character χ of H we mean always a linear character, i.e., χ ∈ H. Now define a function F : R 1 (G) → A, where A is a multiplicative abelian group, A function F is said to be extendible if F can be extended to an A-valued function on R ′ (G) satisfying:
for all (H, ρ i ) ∈ R ′ (G), i = 1, 2, and if (H, ρ) ∈ R ′ (G) with dim ρ = 0, and ∆ is a subgroup of G containing H, then (2.4)
where Ind ∆ H ρ is the virtual representation of ∆, induced from ρ. In general, let ρ is a representation of H with dim ρ = 0. Now we define a zero dimensional representation of H by ρ and which is: ρ 0 := ρ − dim ρ· 1 H . So dim ρ 0 is zero, then now we use the equation (2.4) for ρ 0 and we have,
now put ρ 0 := ρ − dim ρ· 1 H in above equation and we have
where
but by the definition of F, we have F(H, 1 H ) = 1, so we get the function 
Abelian Local constant.
Tate has computed abelian local constant explicitly in his paper [4] . Let F be a local field of characteristic 0, and χ a character of F × of finite order , then the local constant W (χ) is a complex number of absolute value 1, and its exact values is:
. Let ψ F be the additive character of F + . Then:
Here, N denotes the absolute norm, and the sum is taken over a set of representations of the cosets of 1
For F is nonarchimedean local field, we can define our local constant by Gauss sum ( cf. [2] ) and which is;
N (a(χ)) .
2.3.
Non-abelian local constant. Let F be a local field andF be an algebraic closure of F . Let K be a finite Galois extension of F contained inF , let R(K/F ) denotes the set of pairs (L, ρ), where F ⊂ L ⊂ K, and ρ is a virtual representation of Galois group G L = Gal(K/L). For K/F , We call that W is a non-abelian local constant if it satisfies the following two conditions:
2.4. Solvable and Nilpotent group. Let G be a finite group. Consider a normal series of subgroups of G (2.10)
where each subgroup is normal in the succeeding subgroup i.e., G i ⊳ G i+1 for all i ∈ {0, 1, 2, .., n− 1}. G is called solvable group if there exist a normal series of subgroups with G i+1 /G i abelian for 0 i n − 1 and if G i+1 /G i is cyclic then G is called supersolvable. A group G is nilpotent it admits normal series with
2.5. Group extension. If H and N are two groups, then G is an extension of H by N if there is a short exact sequence
Then G is a group with N G and G/N ∼ = H. If G = H × K, then G is an extension of both H and K. More generally, if G is a semidirect product of K and H i.e., G = K ⋊ H, then G is an extension of H by K. An group extension (2.11) is said to be a split extension if there is a homomorphism ϕ : H → G such that going from H to G by ϕ and then back to H by the β of the short exact sequence induces the identity map on H i.e., β
There is a correspondence between splitting short exact sequences and semidirect products. If G is the semidirect product of two groups H and K i.e., G = H ⋊ K, then following Short exact sequence
is splits. Its converse is also true.
2.6. Brauer Canonical induction formula and canonical extension. Let G be finite group. In this section we define canonical extension and canonical Brauer induction formula which is due to Robert Boltje( see [6] ). Before going to encounter Galois invariant and canonical extension we need to define following setting for G:
• R(G) := the character ring or equivalently the Grothendieck group of C[G]-modules provided with the tensor product as multiplication and unit representation as unit element.
linear character of H}, the set of pairs consisting a subgroup and a linear character of that subgroup. The group G acts on M G by conjugation, i.e.,
where g H := gHg −1 and g ϕ := ϕ(g −1 hg) for all g ∈ G and h ∈ H. In particular this covers whole Gconjugacy classes of group H, only for the normal subgroups H the H will be fixed. We denote the G-orbit of (H, ϕ)
we denote the set of G-orbit by M G /G. Poset structure. We define natural poset (partially ordered set) structures on
Infima exists in M G but in general not in M G /G.
• R + (G) := Free abelian group whose basis is consisting of isomorphic classes of simple monomial representations of G. In our setting M G /G is the basis of
is also Grothendieck group of monomial representations of G. Its objects are finite dimensional CG-modules V with fixed decomposition. R + (G) again can be provided with commutative ring structure with identity element [G, 1 G ]. We can write each element of R + (G) as integral linear combination of the basis elements [H, ϕ]. • Section map a G . We construct an additive map
Here this map a G is called section map of b G . By Boltje's theorem(cf. Theorem 2.1 in [6] ), this section map is a Brauer induction formula which is called canonical Brauer induction formula. If χ ∈ R(G) is a virtual character, then a G (χ) ∈ R + (G) and which is:
with b G • a G is identity map on R(G), then we have:
where the coefficients α [H,ϕ] (χ) are integers by Cram (cf. [6] , pp.22 ).
• Restriction map Res G +H . If H G, we define restriction map which is also a ring homomorphism
where s µ means s µ| H∩ s B .
• we denote G ab the factor commutator group of G, and G the group of linear characters of G. Then obviously:
and there is a natural projection
which take a χ χ to the partial sum over the linear characters.
• Induction Ind G +H . For H G, we define the map Ind
This map is well-defined by the following commutative diagram
(1) For any H G, the following diagram is commutative .
be a representation and suppose that 
The equations (2.5) have at most one solution in the rational number.
2.8. The Brauer induction formula in Galois side. . Let F be an arbitrary field andF its separable algebraic closure. Here we always denote K/F that F ⊂ K ⊂F and K is finite Galois extension of F whose Galois group is denoted by G F = G K/F = Gal(K/F ). Let Ω F be the absolute Galois group which is a profinite group with Ω F = lim ← −K/F G K/F . We denote R(Ω F ) the Grothendieck ring of finite dimensional complex representations of Ω F with kernel of finite index, and let Ω F be the group of linear complex representations of Ω F with kernel of finite index, then we have direct limits
, which is well defined since b G commutes with inflations.
According to (2.21), pp.27 in [6] ), also the section a G commutes with inflation, that means
if χ ∈ R(Ḡ) lives on a factor group G → G, and where H ⊂ G denotes the full preimage of H ⊂ G, and [H, ϕ] is always inflated from [H, ϕ]. Therefore we can go to the profinite Galois group Ω F and obtain a Brauer induction formula for Ω F by
-linear and commutes with restrictions to subgroups.
2.9. Galois invariant. Assume now that for any finite field extension K/F we have Ω K = Gal(F /K) and map
with values in an abelian group, which is Galois invariant:
for all s ∈ Ω F . We will call such a family ω = (ω K ) K/F an abelian invariant for F . The abelian invariants for F are in 1 − 1 correspondence with the maps
Because of the induction maps Ind
2.10. Extendible function in Galois side. Let ω = (ω K ) K/F be an abelian invariant for F . Then:
W is invariant under induction(resp. induction in dimension zero), i.e., for all finite field extensions F ⊂ K ⊂ L and χ ∈ R(Ω L )(plus χ(1) = 0 in the weak case) We have: 
• ω is called strongly(resp. weakly) extendible, if there exists a strong (resp.weak) extension of ω.
The canonical extension.
If Ω F is the absolute Galois group over F then by definition we have
the direct limit over the inflation maps R(Ω K ) → R(Ω F ) for finite factor groups Ω K ← Ω F . Therefore beginning from an abelian invariant ω = (ω K ) K/F over the base field F we may use the compatible system a Ω K :
where ω K comes from ω F as in (2.19). We call W = (W K ) K/F the canonical extension of ω. The Galois invariance of ω K and ω K resp.(see equation (2.19)) implies that also the system (W K ) K/F is Galois invariant in the sense of subsection 2.10. Therefore the definition of W gives indeed an extension of ω. Here the canonical extension is defined for any arbitrary extendible function.
Existence of nonabelian local constant
To show existence of nonabelian local constant, if we are able to show the canonical extension of abelian local constant is a Weakly extendible function then we are done. For checking properties of canonical extension we have to have explicit formula for a(Ind G H ϕ). We know that finite local Galois groups are solvable group therefore to prove existence of nonabelian local constant we have study finite solvable group. But computation of a G (Ind G
We also compute a G for any finite abelian group. But our aim should be for arbitrary finite solvable group because local Galois groups are solvable group. By the following theorem we can conclude what will be the canonical extension for a group by studying its quotient group. This theorem says that both the group and its quotient groups have same type (weak or strong) extension. Theorem 3.1. Let G be a finite solvable group and N be its nontrivial normal subgroup. LetḠ := G/N be the quotient group. LetW := w • aḠ and W := w • a G be the canonical extensions of abelian invariant w for the groupḠ and G respectively. ThenW = W , in the sense that both are same type extension(weak or strong).
Proof. According to Corollary 2.21( [6] , p.27), the section map a G commutes with inflation, that means
if χ ∈ R(Ḡ) lives on factor groupḠ ← G, where H ⊂ G denotes the full preimage ofH ⊂Ḡ, and [H, ϕ] is always inflated from [H,φ]. Let χ ∈ R(Ḡ) be an arbitrary character, then we can write
Then the canonical extension for the factor groupḠ,
Now we also know Inf Ḡ G χ ∈ R(G), then the canonical extension in G is:
Moreover we know that inflation map commutes with induction i.e., the following diagram is commutative
where N is normal subgroup of G which is contained in H. Since G is solvable then there always exists such normal subgroup N which is contained in subgroup H, because N = ∩ g∈G gHg −1 is a normal subgroup of G contained in H. Now let χ H/N be a character of H/N then let χ H := Inf H χ H is inflated from χ, therefore from the first step we can say ifW is weak(resp. strong) then W is weak(resp. strong). It this also true for arbitrary subgroup H.
Therefore our theorem is proved. It gives ifW is weakly(resp. strongly) extendible then W is also weakly(resp. strongly) extendible.
3.1.
Computation of a G (Ind G H ϕ). As we know that our finite local Galois groups are solvable group. Furthermore finite solvable groups are successive extension of abelian groups. If we have explicit formula of a G for abelian group, then by Theorem 3.1 we can give information about solvable group. In this subsection we compute a G for abelian group which we use in our main theorem. We also compute for nonabelian group of order p 3 , p prime.
(1) When G is finite abelian group.
Let G be an abelian finite group and H be a subgroup with χ H ∈ H. Then we have Lemma 3.2
where Irr(G, χ H ) := {χ ∈ G|χ| H = χ H }, i. e. set of all extensions of χ H to G.
Proof. We define the set of all extensions of χ H to G,
The cardinality of this above set is |Irr(G, χ H )| = |G/H|. Since G is abelian, all G/Hconjugations of χ are all extensions of χ H . Then we have
where g χ(x) := χ(gxg −1 ), conjugate of χ.
Then we get the canonical Brauer induction formula for Ind
Example 3.3 Let G be a finite group of order p, p prime. Then G is abelian. Therefore all irreducible representations of G is one dimensional and only reducible representation of G is the induced representation Ind G {e} 1 e . The computation of canonical Brauer induction formula for any virtual representation χ ∈ R(G) for this group can be computed by computing a G (Ind G {e} 1 e ) and a G (ψ) where ψ ∈ G. We already know that a G (ψ) = [G, ψ] for all ψ ∈ G, therefore for this case we have to just compute a G (Ind G {e} 1 e ) and which is from Lemma 3.2:
(2) For nonabelian Nilpotent group of order p 3 . Let G be a nonabelian group of order p 3 where p is some prime. This is also a Heisenberg group. Its representations are called Heisenberg representations. It can be consider a central extension of the direct product of two cyclic groups C p × C p , where C p is cyclic group of order p with its center Z = Z(G) ∼ = C p , in other word we can say the following sequence is exact:
Now consider H a subgroup of order p 2 . Then we must have:
(a) H is abelian (because there are no nonabelian groups of order p 2 .) (b) H ⊃ Z, because otherwise we could conclude that G = H × Z is abelian. (c) There are precisely p + 1 such groups H, corresponding to the 1-dimensional F psubspaces in G/Z. Now fix a nontrivial character ϕ of Z, and let χ = χ ϕ be the character of the corresponding Heisenberg representation. We now consider the following elements of M G /G: If H is a group of order p 2 then it is a normal subgroup (because H ⊃ Z), and all extensionsφ of ϕ onto H are conjugate. Therefore [H,φ] ∈ M G /G is one element, not depending on the choice ofφ. For the center we have [Z, ϕ] = (Z, ϕ) ∈ M G /G, because (Z, ϕ) is fixed under G conjugation. Lemma 3.4. Let χ ∈ R(G) be a Heisenberg representation of G, then we have
where the sum is over the p + 1 subgroups H of order p 2 .
Proof. We begin with a general formula
where the sum is over all [H, ϕ] ∈ M G /G. Our ρ is a Heisenberg representation with central character (Z, ψ). Therefore Applying Boltje (see [6] , p.32, 2.29 (a)), we see that α [H,ϕ] = 0 only if (Z, ψ) (H, ϕ). So the only possibilities are (H, ϕ) = (Z, ψ) or (H, ϕ) = (H,ψ) where |H| = p 2 and ϕ =ψ extends ψ. The case G = H is impossible since we have no extension from ψ to G. So we must have
where the sum is over all p+1 subgroups H of order p 2 . Now we are left to determine the coefficients. For this we fix one H = H 0 and use that ρ = Ind G H 0ψ hence ρ H 0 = ψ ⊃ψψ , because H 0 is a normal subgroup. This gives us:
since the group H 0 is abelian. Let now r be the right hand side of (3.22 
where all other expressions go with subgroups of order p since we have to form intersections. Comparing the right side of (3.23) and (3.24) we see now that α [H 0 ,ψ] = 1. But H 0 was an arbitrary group of order p 2 . Therefore (3.12) is more precisely
On the other hand we must have b G • a G (ρ) = ρ. So we apply b G to the right side of (3.25) and conclude α [Z,ψ] = −1 in order to get identity. Therefore the lemma is proved.
3.2. Main Theorem. In general the computation of canonical Brauer induction formula is difficult because it's coefficients depend on the subgroups structure of the group. Different groups have different subgroup structures and properties. By Lemma 3.4 we have explicit formula of a G (Ind G H ϕ) for the nonabelian group G of order p 3 where p is some prime. So by the following proposition we can show canonical extension of a weak(resp. strong) abelian invariant is a weak(resp. strong) extension. Proposition 3.5. Let G be a nonabelian group of order p 3 , p is some prime. For this group the canonical extension of a weak(resp. strong) abelian invariant is a weak(resp. strong) extension.
. Therefore the the canonical extension of a weak abelian invariant is a weak extension for this situation. Case-2. When abelian invariant are strong. In this situation we have the
In this condition we have the canonical extension:
This proves that canonical extension of a strong abelian invariant is a strong extension. Therefore the proposition is proved.
Now we are in the position to state our main theorem which implies the existence of nonabelian local constant because our local abelian constants are weak abelian invariants. Therefore to prove existence theorem we have just prove the following theorem. In fact this following theorem also implies the existence of global constants which are known Artin root numbers( for details see [1] ) because abelian Artin roots are strongly extendible functions. Theorem 3.6. Canonical extension W of an abelian invariant w for a local field F is a weakly(resp. strongly ) extendible function when w is weakly(resp. strongly) extendible function.
Proof. We know that any finite solvable group can be considered an (or successive) extension of abelian group. We also know that our local finite Galois groups are solvable group. Any finite solvable group can be written as semidirect product of two groups i.e., G = N ⋊ H. This expression implies the following exact sequence
which is also split. Here H ∼ = G/N . Then by Theorem 3.1 the canonical extensions of groups G and G/N are same type. Therefore instead of studying canonical extension of the group G, we can study for its quotient groups.
Let F be a local field and K and L be finite Galois extensions such that F ⊂ L ⊂ K ⊂F . Let Ω F be the absolute Galois group of F and G F = Gal(K/F ) and G L = Gal(K/L) be the corresponding Galois groups of fields K over F and L respectively. Let χ be a virtual character of G L , then by canonical Brauer's induction theorem there are subgroups
. Now we apply b G L to the equation (3.28) and then we have
We have the canonical extension for w L :
where (w L ) L/F weakly extendible function. Therefore for any arbitrary virtual character χ of G L we can define our canonical extension W L of any abelian invariant:
Now we have to prove that our canonical extensions W = (W L ) L/F are a weak(resp. strong) extension when (w L ) L/F are weak(resp. strong) extension. We already have seen that canonical extensions are extendible function, so to show it is weak or strong we have to compute
Now we can write :
Now we have to compute a G F (Ind
for abelian group. Let G F be abelian group. In this situation we have explicit formula(cf. Lemma 3.2) and we have:
Therefore,
Again since µ| G K i = χ K i and G F is abelian then we have (3.33) Ind
Then finally when w F is weak, we have:
This implies the canonical extension of a weak abelian invariant is a weak extension. Similarly it can be proved the canonical extension of a strong abelian invariant is a strong extension.
Since finite solvable groups are successive extension of abelian groups, therefore by Theorem 3.1 we conclude that the canonical extension of a weak(resp.strong) abelian invariant is a weak (resp. strong) extension. This completes the proof.
Appendix
Robert Boltje has not defined λ-function in his thesis. He gives a relation(cf. [6] , Prop.1.11, p.60) between canonical extension and extendible function. Here we state Boltje's proposition and prove through λ-function. (1) If w is strongly extendible, then the canonical extension and the strong extension coincide. (2) If w is weakly extendible, then we have the following relation between the weak extension W ′ and the canonical extension W :
where χ ∈ R(G L ) and λ Proof.
(1) Let χ be any arbitrary virtual character of G L , then we can expression χ as like equation (3.29)
On the other hand let W L be the canonical extension of w L . Then we have from equation (4.14)
Therefore comparing the formulas for W ′ L (χ) and W L (χ) we see that
L is a weak extension of w L , then for χ we have 
Again we know from equation (3.29) that: (4.5)
Therefore subtracting (4.4) from (4.5) we obtain: (4.6)
Therefore we can write for any χ ∈ R(G L ) as:
If W ′ L is a weak extension of w L , then it follows: 
